A rigorous full quantum-mechanical wave-packet calculation is carried out to study the protonium formation p ϩH→p pϩe. The present paper directly solves the time-dependent Schrödinger equation for the heavy particle Coulomb collision system. A discrete-variable-representation technique is used to evaluate the action of the Hamiltonian operator on the wave packet. The cross sections for the protonium formation are obtained at center-of-mass translational energies up to 10 eV. The present quantum-mechanical results are compared with those of previous studies based on classical trajectory Monte Carlo and semiclassical methods. Applicability of the adiabatic molecular picture to the protonium formation is also discussed.
I. INTRODUCTION
In the antiproton decelerator facility at CERN, low-energy antiprotons (p ) are now experimentally available for various purposes ͓1,2͔. The study of the interaction between antiprotons and ordinary matters is of special importance to test fundamental physical principles such as charge-parity-time invariance and the gravitational weak equivalence principle. Projects for such experimental studies are progressing as the collaborations of ASACUSA, ATHENA, and ATRAP ͓1,2͔. As the need arises, the collision processes involving antiprotons become very important also from the point of view of atomic physics.
The collision of antiprotons with hydrogen atoms may be regarded as one of the most basic processes in atomic physics, and is interesting also as a production process of protonium atoms (p p). Since the collision is a three-body problem, its rigorous numerical treatment is possible by the use of recent computers. In the present study, we carry out a rigorous full quantum-mechanical ͑QM͒ calculation to obtain the cross section for the protonium formation p ϩH͑1s ͒→ p pϩe.
͑1.1͒
This rearrangement process becomes important only at energies less than about the threshold of breakup ionization (p ϩpϩe) ͓3-6͔. We consider the center-of-mass translational energies up to 10 eV. In this energy region, the breakup ionization channel is closed, and thereby the emission of electrons just means the formation of protonium atoms. So far, several theoretical studies have been made for the protonium formation ͑1.1͒. Cohen ͓3-5͔ and Schultz et al. ͓6͔ applied a classical trajectory Monte Carlo ͑CTMC͒ method. However, a classical treatment would not be appropriate to describe the low-energy collisions and especially the electron motion. Cohen ͓4,5͔ also took partly account of a QM effect in the CTMC calculation by means of a mentum-dependent pseudopotential, which had been first introduced by Kirschbaum and Wilets ͓7͔ for the study of atomic structure. As another way, an adiabatic molecular ͑i.e., quantum chemistry͒ picture may be applicable because the process ͑1.1͒ occurs at low energies. The QM nature of the electron motion during the collision may be able to be implicitly taken into account in the adiabatic potential. By supposing that the classical trajectory of the relative motion is determined from the adiabatic potential, Morgan and Hughes ͓8,9͔ estimated the adiabatic limit of the cross section for the protonium formation ͑1.1͒. Very recently, the present author ͓10͔ ͑hereafter referred to as paper I͒ has shown that the nonadiabatic transition is rather a dominant mechanism for the formation process ͑1.1͒. In the adiabatic picture, the electron emission cannot occur unless the relative radial distance R between p and H becomes less than the so-called Fermi-Teller radius R FT ϭ0.639 a.u. ͑c.f., Fig. 1͒ . On the contrary, paper I has shown that the probability for the protonium formation still remains unity even if the closest distance is larger than R FT ; the formation probability falls off from unity when the closest distance is RϾ1 a.u., and becomes negligibly small at last for RϾ2 a.u. For this reason, if we rely on the adiabatic picture, the formation cross section is underestimated in the energy region above 1 eV ͓10͔. As a full QM study, Voronin and Carbonell ͓11͔ have carried out a calculation for the process ͑1.1͒ by introducing a coupled-channel model, in which the effect of closed channels corresponding to the protonium continuum states is presumed to be the appearance of the polarization potential. Only the s and p waves have been calculated for the total angular momentum, and accordingly, they have studied the low-energy limit (Ͻ10 Ϫ4 eV) of the formation cross section. As shown in CTMC studies ͓4,5͔ and in paper I, the total angular momentum quantum numbers up to ϳ50 contribute to the formation cross section at energies Շ10 eV.
In paper I, the present author has studied the formation process ͑1.1͒ within a framework of a semiclassical ͑SC͒ theory. A SC approach was also made for the negative muon ( Ϫ ) capture, i.e., Ϫ ϩH→ Ϫ pϩe ͓12͔. In these SC treat-*Email address: sakimoto@pub.isas.ac.jp ments, a common classical trajectory is assumed for the relative motion between a massive negative particle and a hydrogen atom, and the other motions are described in quantum mechanics. In paper I, the common trajectory is defined in the way that the expectation of the total Hamiltonian is equal to the total energy ͑i.e., the energy conservation in an average sense͒. Although this assumption seems to be one of the most appropriate choices, there is no unambiguous way to define a common trajectory in a semiclassical manner. Furthermore, it is not certain that the common trajectory treatment is satisfactory to describe the rearrangement process such as Eq. ͑1.1͒ at low energies. Carrying out a full QM calculation is necessary to precisely understand the collision dynamics.
In paper I, the variable treated in classical mechanics is only one degree of freedom, i.e., the relative radial distance R, and the conservation of the total angular momentum is already taken into account. Therefore, we can straightforwardly extend the calculation of paper I to the full QM manner though the numerical computation becomes substantially laborious. As the natural extension of paper I, we adopt a time-dependent wave-packet propagation picture to describe the collision process. In paper I, a numerical technique of discrete variable representation ͑DVR͒ ͓13͔ has been used to solve the time-dependent Schrödinger equation. The efficiency of the DVR technique for the p ϩH collision has been already discussed elsewhere ͓14,15͔. The present work is an attempt to apply the time-dependent full QM method to heavy particle collisions of the Coulomb three-body system by using the DVR numerical technique.
II. THEORY AND NUMERICAL METHOD

A. Total Hamiltonian operator
In the three-body system, three sets of Jacobi coordinates each correspond to different arrangement channels. Here, we describe the collision process ͑1.1͒ in the Jacobi coordinates suitable for the p ϩep arrangement: namely, R and r denote the position vectors of p from the center-of-mass of H and of e from p, respectively. The related reduced masses and m are expressed in terms of the electron mass m e and the proton ͑antiproton͒ mass m p as
͑2.1͒
Since the calculation is carried out merely for the total probability for the protonium formation in the present study, as seen later, we may do without the other sets of Jacobi coordinates. ͑A summary of the Jacobi coordinates for the e ϩ p p channel is shown in the Appendix.͒ We further employ a body-fixed ͑BF͒ frame in which the z axis is chosen along R. The rotation from a space-fixed ͑SF͒ frame to the BF frame is represented by the Euler angles (␣,␤,␥), where R ϭ(␤,␣) in the SF frame and ␥ is the azimuthal angle of r. Then, the total Hamiltonian operator of the three-body system may be written as ͓16,17͔
where is the polar angle of r. We use atomic units unless otherwise stated. In Eq. ͑2.2͒, L and l are the total and electronic angular momentum vectors ͑operators͒, respectively,
is the Coriolis operator ͓18͔, and V(R,r,) where L and M are the total angular momentum quantum number and its magnetic component in the SF frame, respectively. The total wave function ⌿ LM may be written in the form ͓14͔
where
is the normalized Wigner's rotation matrix element ͓19͔, and ϭL z ϭ l z is the magnetic quantum number in the BF frame.
In the actual calculation, the conservation of parity is further take into account ͓14͔ though it is not shown explicitly here. The time-dependent wave function ͑2.6͒ has the same form as the semiclassical one given in paper I except for the radial R part. We may write the stationary solution of Eq. ͑2.5͒ in the form
where ⌿ LM (E) is the time-independent wave function for the total energy E, i.e.,
and is given by ͓16,17͔
͑2.10͒
In terms of the time-independent wave function L (E) in Eq. ͑2.10͒, the time-dependent ͑nonstationary͒ solution L (t) in Eq. ͑2.6͒ may be expanded as the wave packet having the form
͑2.11͒
The coefficient C(E) determines an explicit form of the initial wave packet L (tϭ0), and is normalized to unity,
Evidently, the quantity ͉C(E)͉ 2 gives the energy distribution of the initial wave packet.
C. Asymptotic form of time-independent wave function
To calculate the S-matrix elements for collisional transition, we see the asymptotic form of the time-independent wave function L (E). Because of the low-energy collision, the adiabatic state may be used to define the asymptotic channels. As shown in paper I, the use of the adiabatic basis leads to the reduction of the computation time. The adiabatic basis is given by the following eigenvalue equation for each fixed R:
where (⌫,) classifies the adiabatic state. In Fig. 1 
is the S-matrix element for the elastic ͑or inelastic͒ transition. The breakup ionization channel is closed in the present energy region. To take account of the R dependences of the centrifugal potential and the adiabatic basis, the WKB functions are used to express the incoming ͑Ϫ͒ and outgoing ͑ϩ͒ waves ͓21͔:
with the local radial wave-number k ⌫ (R) defined by
͑2.16͒
In the Appendix, we present the asymptotic form of the timeindependent wave function representing the eϩp p channel. This asymptotic form becomes essential only if we intend to calculate the final-state specified probabilities for the protonium formation. However, the consideration of the asymptotic form ͑2.14͒ alone is sufficient just for the calculation of the formation probability summed over all the final states.
D. Preparation of initial wave packet
The initial condition of
Here, (⌫ 0 , 0 ) is the initial state of the hydrogen atom, and a Gaussian wave packet is assumed for (R), i.e.,
where ␦ is a width parameter, R 0 is the center of the wave packet, and k 0 is the center in the momentum space. From Eqs. ͑2.14͒ and ͑2.17͒, the coefficient C(E) in Eq. ͑2.11͒ may be given by
When R is large, the adiabatic wave-function ⌫ 0 0 (r,;R) is loosely dependent on R. Therefore, if the wave-packet (R) is well localized around R 0 , we may assume ⌫ 0 0 (r,;R)ϭ ⌫ 0 0 (r,;R 0 ) in the initial condition ͑2.17͒. However, the R dependence of the local wave-number k ⌫ (R) should not be neglected in the calculation of Eq. ͑2.19͒.
E. Analysis of final wave packet
To extract the S-matrix elements or the transition probabilities from the scattered wave packet, we need to make a proper analysis of the wave packet. This is done in the following way. We introduce a fixed radial distance RϭR f where the asymptotic form ͑2.14͒ is satisfied. Making a time integral ͑Fourier transform͒ at RϭR f , we define the energydependent amplitude:
͑2.20͒
where t 0 is the first time that satisfies L (t 0 )ϭ0 at RϭR f just after the incoming phase of the wave-packet propagation. If the S-matrix elements are requested for a center-ofmass translational energy E t , the total energy E is give as
where I ⌫ 0 0 ϭϪE ⌫ 0 0 (R→ϱ) is the ionization energy of the hydrogen atom. From Eqs.͑2.11͒, ͑2.14͒, and ͑2.20͒, we can easily show that
Alternatively, using the flux formalism, a numerically more convenient expression for the transition probability
͑2.23͒
Since the breakup ionization channel is closed here, the probability for the protonium formation may be calculated from
where the sum is taken over all the bound states of the hydrogen atom. Finally, the formation cross section is defined by
͑2.25͒
F. Discrete variable representation
In solving the time-dependent Eq. ͑2.5͒, we use the DVR technique ͓13͔ to evaluate the action of the Hamiltonian operator on the wave packet. In the DVR method, a grid is constructed from zero points of an orthogonal polynomial. We introduce a grid-based function u n (x) ͓24͔
where F (x) is a normalized orthogonal polynomial of degree ; and x n is the zero point of F N (x); W(x) is the weight function; and n is the quadrature weight. Arbitrary types of orthogonal polynomials are acceptable. The gridbased function satisfies the following orthogonal properties:
where we have put W n ϭW(x n ). As shown recently in Ref. ͓15͔, the ͑generalized͒ Laguerre polynomials ͓25͔
are appropriate for the r coordinate because of the Coulomb nature. One may expect that the Legendre polynomials
are efficient for the coordinate. However, this is true only when ϭeven ͓27,26͔. The present author ͓26͔ has shown that the following ultraspherical ͑or Jacobi͒ polynomials ͓25͔
should be used in the case of odd . For the R coordinate, we use the Chebyshev polynomials
where R max defines the outermost radius in the numerical calculation. It is mentioned that only the Chebyshev zero points construct an equally spaced grid. Putting u i (R/R max ), u j (r), and u k ϭeven/odd (cos ) as the DVR functions ͑2.26͒ for the coordinates R, r, and , respectively, we may have
and i , j , k ϭeven , and k ϭodd are the quadrature weights of the Chebyshev, Laguerre, Legendre, and ultraspherical polynomials, respectively. Inserting Eq. ͑2.32͒ into the time-dependent Schrödinger Eq. ͑2.5͒, and using the orthogonalities ͑2.27͒, we have a set of coupled linear equations with respect to the wave packet given on the DVR grid points
where we have put
The coupling matrix elements
come from only the kinetic-energy operators, and hence, this matrix is sparse. This is a great advantage of the DVR method in the numeri-
are easily calculated using the properties of orthogonal polynomials ͓24͔, and can be found in previous papers ͓14,15͔.
G. Numerical calculations
We have prepared the initial wave-packet ͑2.17͒ by taking ␦ϭ0.25 a.u. and R 0 ϭ4 a.u., and have set R f ϭR 0 . The hydrogen atom is assumed to be initially in the ground 1s state. Since the energy range of E t р10 eV is considered, the elastic ͓ p ϩH(1s)͔ and protonium formation channels are open in the collision, and the other inelastic ͓ p ϩH(nу2)͔ and breakup ionization channels are closed. The value of R 0 ϭ4 a.u. is slightly smaller than the initial distance (R ϭ5 a.u.) chosen in paper I. We have confirmed the appropriateness of this choice by comparing with the results for R 0 ϭR f ϭ6 a.u. When we make the integral ͑2.20͒ over a long time, the portions of the wave packet propagated backward into the entrance channel will eventually reach the edge of the grid RϭR max , and will be reflected back onto the grid. This phenomena is evidently unphysical, and produces a fictitious result in the present calculation. The choice of a sufficiently large value of R max resolves the edge problem, but makes the computation time impractical. As usually done in most of the wave-packet propagation calculations ͓28͔, we have applied a negative imaginary ͑absorbing͒ potential ͓29͔ near the edge, and thereby we can choose R max ϭ6 a.u.
The central translational energies E t 0 ϭk 0 2 /2 of the initial Gaussian wave packet ͑2.18͒ have been taken to be 5 and 7.5 eV for the calculation of the formation cross sections. The wave packet has some range of translational energies E t . The weight of each energy component is given by Eq. ͑2.19͒. In the present study, the probability has been extracted for the translational energy E t that satisfies
Then, the two wave packets of E t 0 ϭ5 and 7.5 eV cover the energy range of 3ՇE t Շ10 eV. We have checked the accuracy of this extraction by taking E t 0 ϭE t for the initial wave packet, and we estimate that the error of the formation probabilities in the present calculation is much less than 1%. As the occasion demands, another value has been chosen for the central energy E t 0 . The number of grid points has been changed according to the total angular momentum L. We have taken N R ϭ60-200 ͑a larger value of N R for low L where the wave packet reaches small R) and N r ϭ20-40 ͑a larger value of N r for high L where the formation probability becomes small͒. In the process ͑1.1͒, the protonium is formed in very high orbital states. The present choice for N R gives, for example, the protonium energies of Ϫ7.8203 eV for the angular momentum lϭ10, Ϫ7.8128 eV for lϭ20, and Ϫ7.8126 eV for lϭ30 when the principal quantum number n is 40, while the accurate value is Ϫ7.8126 eV. A convergence check for the description of the hydrogen bound states has been given in Ref. ͓15͔. Voronin and Carbonell ͓11͔ found that the consideration of the electronic angular momenta lϭ0 and 1 were sufficient in their calculation because of the very light mass of an electron. In the present calculation, the value of N ϭ2 or 3 has been chosen, and the states with ϭ0 and 1 have been coupled. This consideration for the angular part corresponds to the inclusion of the electronic angular momenta up to lϭ3 or 4. All these choices have been made so that the convergence error of the cross sections is estimated to be less than a few percent. To solve the time-dependent linear Eqs. ͑2.33͒, a fourth-order Runge-Kutta formula has been applied although several numerically efficient methods were developed ͓28͔. A simple method of the Runge-Kutta algorithm has sufficiently served the present purpose. For the matrix multiplication in the right-hand side of Eq. ͑2.33͒, the number of the numerical operations is not so tremendous since the coupling matrix is sparse and may be easily stored in advance. The calculation has not been made for all the partial waves required in the summation ͑2.25͒. Since the probabilities form a smooth function of L, those for partial waves not calculated may be obtained appropriately by a cubic-spline interpolation.
In Ref. ͓15͔, we have found that the Laguerre grid is more attractive to describe the electron continuum motion than the Chebyshev grid since the argument of the Laguerre polynomials ranges to infinity. It should be noted, however, that the interval between adjacent grid points increases rapidly for very large r j . ͑As an example, when N r ϭ30, the interval is about 4.5 a.u. for rϳ40 a.u. The interval around the same r decreases with increasing N r .) Therefore, the Laguerre grid is certainly not suitable for an accurate description of the electron continuum motion in the asymptotic region. The practical use of the Laguerre grid is limited to the electron motion in the range rϽr N r . Furthermore, the reflection of the wave packet occurs unphysically around rϭr N r . This reflection causes a problem when long-time propagation is required. Fortunately, here we do not need to know detailed information on the wave packet for large r since the finalstate specified formation probabilities are not calculated. Therefore, a negative imaginary potential ͓29͔ has been applied also at rϾr op ϭ40 a.u. to avoid the above troublesome problems. However, owing to the sparseness of the Laguerre grid for large r j , the imaginary potential has not been able to work absolutely for the absorption of the wave packet. The efficiency of the imaginary potential improves with increasing N r . In the present choice of N r , we have found that the function of the imaginary potential is efficient enough to make the reflection effect negligible at energies E t տ3 eV. To calculate the time integral ͑2.20͒ for these energies, we need the end time up to tϳ900 a.u. If the translational energy is lower, longer-time propagation is required, and a larger value of N r will be necessary.
III. RESULTS AND DISCUSSION
A. Time evolution
In Figs. 2 and 3 , we show the time evolution of the probability distribution defined by L ͑ R,r,t ͒ϭR 2 r 2 ͵ ͉⌿ LM ͑ R,r,t ͉͒ 2 dR dr.
͑3.1͒
The wave packets prepared for the figures are for the central translational energy E t 0 ϭ6.8 eV and the total angular momenta Lϭ30 and 40. The wave packet is initially localized around the position of Rϭ4 a.u. and rӍ1.5 a.u., and is then propagated through the entrance channel ͑i.e., along the R axis͒. The panels ͑a͒ and ͑b͒ of the figures correspond to this early stage. The panels ͑c͒ or ͑d͒ indicate the dynamical feature that the wave packet is just reflected back along R by the centrifugal barrier. We see that the position ͑R͒ of the reflection area is an important factor to understand the formation mechanism. The protonium formation is expressed as two dynamical actions of the wave packet, i.e., the stretch of the wave packet along r and then the breakaway of its portions into large r. These two successive actions are rapid because they are also related to the escape motion of the electron, and are nearly completed while the wave packet is lying around the reflection area. The reflection position is mostly RϽ1 a.u. for the lower angular momentum Lϭ30, and is 1ϽRϽ2 a.u. for the higher Lϭ40. When Lϭ30, after the reflection, the most portions of the wave packet move through the eϩp p channel ͑i.e., along the r axis͒, and never return into large R. This means that the protonium atom is formed in the probability of nearly unity. When L ϭ40, on the other hand, the main part of the wave packet is propagated backward into the entrance channel, and the protonium formation does not occur so frequently. In the SC study of paper I, we have been able to see a similar dynamical aspect, which are characterized well in terms of the first turning point of the common trajectory.
In Fig. 4 , the time evolution of the electron distribution defined by
is shown for three total angular momenta at the central translational energy E t 0 ϭ7.5 eV. The three partial waves of L ϭ30, 40, and 50 represent the wave packets mostly moving through the eϩ p p channel, partly moving through this channel, and reflected back into the entrance channel, respectively. For Lϭ30 and 40, the two actions of the stretch and breakaway can be seen clearly. However, only the stretch motion is present for Lϭ50.
FIG. 2. Plots of the probability distribution
Lϭ30 (R,r,t) for E t 0 ϭ6.8 eV at different points of time, as shown by contours.
We also display in Fig. 4 the electron distribution calculated by using the SC method of paper I. The SC electron distribution may be defined in the same way as Eq. ͑3.1͒ except for the radial distance R. In the SC calculation, the translational energy E t and the initial distance R have been set to be equal to the corresponding central values of the wave packet ͑i.e., E t 0 and R 0 ). It should be noted that the initial wave packet spans some range of E t or R, which depends on the width parameter ␦ through Eq. ͑2.18͒. Hence, the QM electron distribution reflects the overlapping for various energies or various initial distances. In this sense, we may not have to make a detailed comparison between the QM and SC results. Nevertheless, the comparison is very interesting, and we see a close similarity between the QM and SC electron distributions in Fig. 4 . From this result, we may expect that the SC method is very useful to describe the QM motion of the electron during the collision.
For the cases shown in Fig. 4 , we have further calculated the time dependence of the average radial distances,
The results are shown in Fig. 5 . The smallest value of ͗R(t)͘ will be helpful to characterize the reflection position in the wave-packet propagation. The average distance ͗r(t)͘ may measure the extent of the electron cloud. When Lϭ30 and 40, as seen in Fig. 4 , the wave packet has a finite amplitude at large r. However, once a portion of the wave packet reaches rϾr op , that will be absorbed by the imaginary potential. For this reason, tracing the time evolution of the average distances has no meaning after the absorption of the wave packet begins. Therefore, the curves are drawn only for the time range that the absorption is negligible.
In Fig. 5 , we also show the time dependence of the average distances calculated by the SC method of paper I. We can see that the average distance ͗r(t)͘ is nicely described by the SC method as expected from Fig. 4 . The average value ͗R(t)͘ is also very close to the SC quantity R sc (t), which is just given by a common trajectory itself. The usefulness of the SC method for predicting the average distances is easily understandable in the cases of Lϭ30 and 50 because most of the collisions induce merely single process ͑elastic transition or protonium formation͒. When Lϭ40, as may be seen in Fig. 4 , however both the elastic and protonium formation processes will occur equally in the collisions. Hence, in the classical treatment, two quite different kinds of trajectories ͑i.e., recoil and capture͒ must be considered for the p motion at the same time. The common trajectory assumption would be no more valid in such case. Nevertheless, we find in Fig. 5 that the common trajectory R sc (t) is still a good approximation to ͗R(t)͘ even for Lϭ40.
B. Formation probabilities
First, we compare the formation probabilities calculated by the present QM method with the SC results of paper I at three energies E t ϭ4.0, 6.8, and 10.0 eV. In Fig. 6 , we show the opacities defined by (2Lϩ1)P p p L as a function of the total angular momentum L. From Eq. ͑2.25͒, the summation of the opacities over L provides the quantity proportional to the formation cross section. The SC opacities are found to be very close to the QM ones for L higher than and also much lower than the peak position. However, around the peak, the SC calculation gives larger opacities, and even exhibits peculiar L dependence.
To understand the L dependence of the SC formation probabilities, it may be helpful to consider the energy conservation expected to be satisfied in the SC calculation, i.e.,
where E t Ј is the final translational energy, ⑀ is the mean energy loss due to the electron emission, and P sc L is the SC probability for the electron emission. In the common trajectory treatment, it may be judged that the antiproton is certainly captured if E t ЈϽ0. Since ⑀Ͼ0, we find that the condition E t ЈϽ0 holds whenever the emission probabilities are P sc L ϾE t /I 1s . ͑It should be noted, however, that there is no definite way to evaluate the emission probability in the common trajectory treatment when P sc L ϾE t /I 1s .͒ Consequently, the SC formation probabilities become unity for P sc L
FIG. 3. Plots of the probability distribution
Lϭ40 (R,r,t) for E t 0 ϭ6.8 eV at different points of time, as shown by contours.
ϾE t /I 1s . This appears in Fig. 6 as a linear curve (ϭ2L ϩ1) of the SC results from Lϭ0 to the critical peak position L c defined by P sc L c ӍE t /I 1s .
When LϾL c , the common trajectory exhibits a behavior of only the recoil motion for the antiproton although the capture is possible in the QM calculation unless L is much higher than L c . ͑Accordingly, the SC emission probability P sc L could be rather evaluated in paper I.͒ It has been assumed in paper I that the formation probability is given by From Fig. 6 , we see that this assumption is acceptable. It is very interesting that the SC method, which offers only a recoil behavior of the common trajectory, is still useful to describe the protonium formation. As may be seen in Fig. 3 ͑or shown in paper I͒, the electron is ejected rapidly only around the reflection position ͑i.e., the first turning point͒. Hence, the common trajectory would not deviate so much from real trajectories at least until it reaches the first turning point, and consequently, we could calculate the emission probability for LϾL c in a reasonable accuracy by using the common trajectory. We can see in Fig. 5 that the common trajectory is in fact a good approximation to ͗R(t)͘. When LϾL c , it should be noted that although the common trajectory treatment will be justified for the calculation of the formation probability summed over all the final states, it can never provide any information on the bound motion of the protonium atom.
In the QM calculation, the formation probabilities P p p L are close to, but not equal to unity for LӶL c . Hence, the SC probabilities are slightly larger than the QM ones there. The error of the SC probability becomes the largest ϳ100ϫ(1 ϪE t /I 1s )% at LϭL c . As a result, the main error of the SC calculation for the cross section comes from L's equal to and slightly lower than L c . If we may evaluate the emission probabilities P sc L for the low L(рL c ), the SC method will
give more reliable formation probabilities by equating P p p L ϭ P sc L . In paper I, we have found that the position of the first turning point of the common trajectory is a key point to understand the mechanism of the electron emission, and furthermore that the turning point may be well estimated from the adiabatic potential. Accordingly, we show in Fig. 7 the present QM formation probabilities as plotted against the turning point R tp ad for the adiabatic potential. The probabilities are displayed in the same figure for the translational energies E t ϭ3.5, 5.0, 6.8, and 10.0 eV all together. A very interesting thing is that all the points are almost put on a single curve. This result supports the finding of paper I that the relative motion of p and H can be nicely described by the adiabatic potential at least until reaching the first turning point. We may further expect that the turning point is the almost only important factor to determine the dynamics of the protonium formation ͑1.1͒ in the present energy region.
The solid line in Fig. 7 is a fit of all the data for E t ϭ2.72-10 eV, and its function form is assumed as
where R tp ad Ͻ2 a. u. and aϭ88, bϭ94.5, cϭ2.3, dϭ0.426 . For R tp ad ՇR FT ͑except very small R tp ad ), the probabilities take a nearly constant value P c Ӎ0.93. By using this fit, we may calculate the formation probabilities for any energies where the calculation has not been made. For the adiabatic turning points R tp ad ranging from ϳR FT to 2 a.u., the formation probability decreases to zero, but has a significant contribution to the cross section. This fact indicates the importance of nonadiabatic coupling for the low-energy formation process ͑1.1͒.
C. Formation cross sections
In Fig. 8 , we plot the formation cross sections p p as a function of the translational energy E t . The present QM cross section is compared with those calculated by the SC method ͑paper I͒, the CTMC method ͓4͔, the CTMC method with the pseudopotential ͓4͔, and the adiabatic method ͓8͔. The adiabatic cross section is given by assuming that the formation probability is unity if R tp ad рR FT and is otherwise zero. The usefulness of the adiabatic potential mentioned above appears as the fact that the energy dependence of the adiabatic cross section is similar to the QM one. However, the adiabatic method significantly underestimates the formation cross section at these energies as found in paper I. The FIG. 4 . Time evolution of the electron distribution Lϭ30, 40, 50 (r, t) , as shown by contours. The QM and SC results are for E t 0 ϭ7.5 eV and E t ϭ7.5 eV, respectively.
SC cross sections are about 15% larger than the QM ones. As seen in Fig. 6 , this error manly comes from the defect of the common trajectory treatment for LрL c . The CTMC cross sections are larger than the QM results for the high energies and smaller for the low energies. When the pseudopotential is introduced to present a QM effect in the CTMC calculation, the cross section becomes much closer to the QM value. This result suggests that the QM nature is important in the protonium formation ͑1.1͒.
D. Angular momentum distribution of protonium
In the CTMC study, Cohen ͓4͔ calculated the level distribution of the protonium atom formed in the process ͑1.1͒. Since we have not made a complete analysis of the wave packet for the arrangement channel eϩ p p, we cannot obtain the accurate level distribution of the protonium atom. Nevertheless, since very high total angular momenta (Lӷl) are mostly important in the protonium formation ͑1.1͒, it would be allowed that the angular momentum l of the protonium atom is approximated by lϭL. ͑See, also, the Appendix.͒ Therefore, we may define the relative fraction of the protonium atom having the angular momentum l as
͑3.7͒
In Fig. 9 , the relative fractions calculated in this way are shown for three energies E t ϭ2.72, 5.44, and 8.16 eV, and are compared with the analytical fits of the CTMC results given by Cohen ͓4͔. In contrast to the case of the cross section, it seems that the relative fraction given by the pure CTMC method ͑without the pseudopotential͒ agrees rather better with the QM result.
IV. SUMMARY AND FURTHER DISCUSSION
We have applied a time-dependent full QM wave-packet propagation method to a Coulomb three-body (p ϩH) collision problem. A DVR technique has been employed for the numerical calculation. Cross sections have been obtained for the protonium formation process p ϩH→p pϩe at transla- tional energies below 10 eV. Although the time-dependent full QM approach has been widely accepted in the field of chemical reaction ͓21,23,28͔, the present work is probably its first application to heavy particle collisions of the atomic Coulomb system. The present study and recent application to the electron-impact ionization vigorously made by Pindzola and Schultz, and Robicheaux, and Colgan et al. ͓30͔ encourage the theoretical treatment based on the time-dependent picture also in atomic collision processes. A plot of the QM formation probabilities P p p L for various energies against the adiabatic turning points R tp ad gives a universal curve in a good approximation. The adiabatic potential and especially the adiabatic turning point are of critical importance to understanding the mechanism of the protonium formation. However, it does not mean that the adiabatic picture is fully acceptable. The significance of the adiabatic turning points R tp ad ϾR FT for the protonium formation indicates that the nonadiabatic transition is very important in this process.
Paper I has shown that when the translational energy is below 1.57 eV, the formation cross section is identical to the so-called orbiting cross section orb ad that is obtained using the adiabatic potential. It is not easy to extend the present calculation to these low energies because the wave-packet propagation must be performed for a very long time. Nevertheless, the present results may be helpful to estimate the formation cross section in the orbiting energy region. We have found that the protonium formation occurs in the probability of P c (Ӎ0.93) in cases of R tp ad ՇR FT . Paper I has suggested that when L is lower than the critical value that the orbiting occurs, the relative motion to the small distances RՇR FT becomes classically allowed. Therefore, we may expect that the formation cross section in the orbiting energy region is given by p p ϭ P c orb ad , which is about 10% smaller than the orbiting value. It should be noted that the orbiting approach becomes meaningless at extremely low energies since it is a classical picture. In fact, the orbiting treatment gives too large cross sections at energies of E t Ͻ10 Ϫ6 eV ͓11͔. It has been shown that the SC method assuming a common trajectory ͓10͔ can describe well the time evolution of some QM quantities. Therefore, the SC method is very useful to gain a physical understanding of the collision dynamics in p ϩH. However, the SC method is not always reliable to obtain an accurate formation probability just because the common trajectory is assumed. It is very interesting to invent a more sophisticated trajectory for the relative motion in the SC method.
In a CTMC method ͓4͔, if a pseudopotential is added in the interaction, the formation cross section agrees well with the QM results at the energies considered in the present study. For relative angular momentum distribution, the pure CTMC method ͑without the pseudopotential͒ ͓4͔ seems to be rather better. It should be noted, however, that the CTMC methods both with and without the pseudopotential ͓4͔ give the formation cross sections ͑respectively, 163 and 67 a.u.͒ largely different from the orbiting value orb ad (ϭ91 a.u.) at E t ϭ0.272 eV.
It would be interesting to compare the present results with those of the QM study of Voronin and Carbonell ͓11͔. However, unfortunately, the time-dependent picture is not appropriate for the calculation of the collisions at extremely low energies because of the necessity of very-long-time propagation and still more the diffuseness of the wave packet. The time-independent picture will be much more suitable for extremely low energies. It is very important to obtain the final-state specified cross sections for the protonium formation. To calculate the accurate cross sections specified by the principal and angular momentum quantum numbers (n , l) of the protonium atom, the coordinates (R,r) must be transformed into another set of Jacobi coordinates (Q,q), which correspond to the arrangement channel eϩ p p. ͑See the Appendix.͒ In doing an analysis of the final wave packet, we must remember that the Laguerre grid is not appropriate because the grid points become scattered for large distances. To avoid this problem, for instance, we will be able to take the following step: the wave packet is propagated using the present numerical method until it reaches a reaction zone, the transformation (R,r) →(Q,q) is made there, the Chebyshev grid is applied both for the Q and q coordinates, and then the wave packet may be propagated into sufficiently large q. The calculation of the final-state specified cross sections for the protonium formation remains in future work.
When the translational energy is higher than the ionization energy (ϭ13.6 eV) of the hydrogen atom, the breakup ionization p ϩ pϩe becomes an open channel. The CTMC studies ͓6,4͔ showed that the protonium formation ͑1.1͒ was negligible at E t Ͼ15 eV. Of special interest is the question whether the SC method with the common trajectory assumption is satisfactory also to describe the breakup ionization. The extension of the present QM approach to the energy region above the ionization threshold may be made straightforwardly. The full QM calculation for the breakup ionization and the comparison with the SC results will be reported in a next study ͓31͔.
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APPENDIX: ASYMPTOTIC FORM FOR PROTONIUM FORMATION
For the arrangement channel eϩp p, we have a set of Jacobi coordinates Q and q, which are the position vectors of p from p and of e from the center-of-mass of p p, respectively. The coordinates Q and q are expressed in terms of R and r as Because m e Ӷm p , we may set QϭR unless r is too large. Therefore, in the BF frame (ẑ ϭR ), the time-independent wave function ͑2.10͒ may be re-expressed as
where q ϭ(,␥Ј).
For sufficiently large q, the wave-function L (R,q,,E) becomes
where P l is the normalized associated Legendre function, l is the electronic angular momentum quantum number, mЈ is the reduces mass of the eϩp p system, k n is the wave number of the ejected electron, and S n l Ј ,⌫ 0 0 L is the S-matrix 
͑A5͒
Since the electronic angular momentum l is very small compared with L in most cases, we may assume lϭL in Eq. ͑A4͒. Then, we have
and the asymptotic form of L (E) becomes
This approximation is just the same as the one usually done in the study of molecular spectroscopy: i.e., the Coriolis coupling is neglected for the p -p motion in the BF ͑rotating protonium͒ frame.
